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Introduction

R ECENTLY, attention has been focused on solar sail missions,
such as the new artificial Lagrange points created by solar sails

to be used to provide early warning of solar plasma storms, before
they reach Earth [1,2]. There are several prior references with regard
to such orbits in the literature. As early as 1929, Oberth mentioned in
his study that solar radiation pressure would displace a reflector in an
Earth polar orbit in the anti-sun direction, so that the orbit plane did
not contain the center-of-mass of the Earth [3]. Later, in 1977, Austin
et al. [4] noted that propulsive thrust can be used to displace the orbit
of an artificial body, but only small displacements were considered
for spacecraft proximity operations, and no analysis of the problem
was provided. Similarly, Nock suggested a displaced orbit above
Saturn’s rings for in situ observation, however, again no analysis was
given [3]. In 1981, Forward [5] considered a displaced solar sail
north or south of the geostationary ring. However, because he did not
use an active control, subsequent analysis has criticized thiswork and
claimed that such orbits were impossible. More recently, McInnes
and Simmons have done work in which large families of displaced
orbits were found by considering the dynamics of a solar sail in a
rotating frame [6], and the dynamics, stability, and control of
different families of displaced orbits were investigated in detail [7,8].
Based on McInnes’ and Simmons’ work [6], Molostov and
Shvartsburg considered a more realistic solar sail model with
nonperfect reflectivity and discussed the effect of finite absorption of
the sail on the displaced orbits [9,10]. However, studies of the
relative motion of solar sails are rare in the literature. The original
idea of formation flying around a displaced orbit considered in this
note comes from the concept of combining a displaced orbit with
formation flying to achieve greater resolution than a single sail for
science missions.

This note outlines the characteristics of the relative motion around
a displaced solar orbit and proposes some possible control strategies.
Because the relative distance between the sails is very small
compared with the distance from the sun to the sails, the relative
equation of motion is linearized in the vicinity of a displaced solar
orbit. Based on the linearized equation, two types of formations,

seminatural and controlled formations, are discussed. The
seminatural formations are performed with only sail attitude
variations, but configurations of the relative orbits strongly depend
on the orbit of the leader sail. Therefore, more complex controllers
are adopted to build more sophisticated formations to meet special
demands on the relative orbit configurations.

Displaced Solar Orbits

A displaced solar orbit [6–8] is a circular sun-centered orbit
displaced above the ecliptic plane by directing a component of the
solar radiation pressure force in a direction normal to the ecliptic. The
sail orientation is defined by its normal vector n, fixed in the rotating
frame, and the sail performance is characterized by the sail lightness
number � [5]. As shown in Fig. 1, to keep an equilibrium in the
rotating frame, the sail pitch angle � and sail lightness number� for a
displaced sun-centered orbit of radius �, displacement z, and orbital
angular velocity ! are given by [11]

tan�� �z=���!= ~!�2
�z=��2 � 1 � �!= ~!�2 ; ~!2 � �=r31 (1)

�� �1� �z=��2�1=2 f�1� �z=��
2� � �1 � �!= ~!�2�2g3=2

��z=��2 � 1 � �!= ~!�2�2 (2)

where r21 � �2 � z2.

Relative Motion

A two-sail formation is considered here in which the leader sail
revolves on a displaced solar orbit and the follower is on a nearby
orbit. The sails’ state vectors are defined in terms of a set of Cartesian
coordinates relative to the rotating frame. The origin of this frame is
the mass center of the sun. In the rotating frame, the x axis is in the
ecliptic plane and rotates around the sun with an angular velocity!,
the z axis is in the direction of the angular velocity, and the y axis
forms a right-handed triad. Another rotating frame o�&�, labeled as
the leader frame, has all its axes parallel to the axes of the rotating
frameOxyz and has its origin at the mass center of the leader. In the
frame o�&�, the position of the follower can be written as
�� � x2 � x1 y2 � y1 z2 � z1 �T � � � & � �T , as shown in
Fig. 1. The equations of motion of the sails in an inertial frame can
then be written as

�r 1 ��f�r1� � g�r1;n1� (3)

�r 2 ��f�r2� � g�r2;n2� (4)

where f�r� � ��=r3�r is the solar gravitational force, g�r;n� �
��n � r�2��=r4�n is the solar radiation pressure induced force, and�
is the solar gravitational constant. The relative equation of motion in
the inertial frame is obtained by subtracting the two preceding
equations

��� �r2 � �r1 � f�r1� � f�r2� � g�r2;n2� � g�r1;n1� (5)

The transformation of the acceleration between the inertial and
rotational frames is given by
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��� d2�

dt2
� 2! 	 d�

dt
�! 	 �! 	 �� � _! 	 � (6)

where d=dt denotes derivative with respect to the rotating frame. In
our case, _!� 0. Thus, the equation of relative motion in the rotating
frame can be written as

d2�

dt2
� 2! 	 d�

dt
�! 	 �! 	 �� � f�r1� � f�r2�

� g�r2;n2� � g�r1;n1� (7)

In formation flying, the relative distance between sails, jr2 � r1j, is
usually very small compared with r1 or r2. Therefore, f�r2� can be
expanded around r1 and thefirst-order approximation can be given as

f�r2� � f�r1� �
@f

@r

����
r�r1
�� o

�
�

r1

�
(8)

where @f=@r� ��=r3�I3	3 � �3�=r5�rrT . To maintain the follower
in the vicinity of the leader, the sail lightness numbers �2 and �1

should be very close, and so should the normal vectors, therefore
g�r2;n2; �2� can be expanded around �r1;n1; �1�
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�

(9)

where @g
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� 2���n�r�

r4
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Substituting Eqs. (8) and (9) into (7), the first-order approximation
can be written as
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dt2
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dt
�! 	 �! 	 �� �

�
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T
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�
�

�
�
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T
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�
�n2 � n1�

� ��n1 � r1�2
r41
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where r1 � �� 0 z0 �T , n1 � � cos �1 0 sin �1 �T , and � is the
sail elevation angle [7] measured from the ecliptic plane in the plane
spanned by vectors r and !, as shown in Fig. 1. The equation of
relative motion can be rewritten as

d2�

dt2
� 2J

d�

dt
�M�� N�n� P�� (11)

where the coefficient matrices are

J�
0 �! 0

! 0 0

0 0 0

2
4

3
5
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T
1

P� ��n1 � r1�2
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n1

For formation flying, attention is focused on the stable solutions of
Eq. (11) but not asymptotically stable ones, because the follower sail
will drift toward the leader and thus no formation is achieved for the
asymptotically stable solutions. However, �n in Eq. (11) is
independent of the relative distance �, and it is difficult to carry out
the stability analysis without any restriction on the variation �n. In
the subsequent analysis, we will give some restrictions on �n to
implement several types of possible formation and control strategies.

Formations

Displaced solar orbits have been categorized into three types by
McInnes and Simmons [6] labeled as type 1, !� ~!; type 2,
!� constant, one special case is !� !e (Earth-synchronous); and
type 3, !� !o (!o is obtained by setting the derivative of � with
respect to ! to zero in Eq. (2) to minimize �). In this note, the
formations around type 1 and type 2 are studied. In this section, two
types of formations, seminatural and controlled, are studied. For the
seminatural formations, three cases �n� 0, �� � 0, and ��� 0with
��� 0 are considered to obtain simpler ones. The relative stability
for seminatural formations is defined as the follower stays in the
vicinity of the leader, and neither diverges from nor converges to it.
The stability is determined by calculating the eigenvalues of the
controlled system. If all the eigenvalues have nonpositive real part
and at least onewith zero real part, the relativemotion is referred to as
stable. For controlled formations, the sail attitude and lightness
number vary continuously to track some desired reference relative
orbits and thereby achieve more sophisticated formations.

Seminatural Formations

The first formation is obtained by taking �n� 0. This guarantees
that the normal vector of the follower sail is always the same as that of
the leader, which is assumed to be a constant vector in the rotating
frame. Then, the relative linearized equation ofmotion can bewritten
as

d2�

dt2
� 2J

d�

dt
�M�� 0 (12)

For the formation around type 1 displaced orbits, it can be
analytically proven that all relative motions are unstable (hereafter,
all the detailed procedures of the proofs are omitted). For the
formation around type 2, the expression becomes too complicated to
obtain an analytical solution for the stable regions. Here, the stable
region of the Earth-synchronous family is numerically determined
and shown as the shadowed region in Fig. 2 where one can see that a
stable relative orbit can be obtained within only a small range of
parameters.
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Fig. 1 Coordinates and angles definition.
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The second formation is determined by taking �� � 0. This means
that the elevation angle of the follower sail is fixed in the plane
spanned by vectors r2 and !. Then, the normal of the follower sail
can be written as

n � cos �1
x2����������
x2
2
�y2

2

p cos �1
y2����������
x2
2
�y2

2

p sin �1
h i

T
(13)

where x2, y2, and z2 are Cartesian of the follower in the coordinates
shown in Fig. 1. Thus, the variation of the normal vector can be
approximated in the position feedback form by linearizingn2 around
n1, given by

�n� n2 � n1 �
@n

@r

����
r1

��
0 0 0

0 cos �1
1
�

0

0 0 0

2
4

3
5� (14)

Substituting Eq. (14) into Eq. (11), it can be analytically proven again
that in this case the formations around type 1 are unstable, and the
stable region of the Earth-synchronous family of formations around
type 2 are numerically found to be the same as the results of Fig. 4
found in [7].

The third formation is defined by taking ��� 0. This means that
the pitch angle � of the follower sail is fixed in the plane spanned by
vectors r2 and!. The normal of the follower sail can then be given as

n � cos��1�’2� x2����������
x2
2
�y2

2

p cos��1�’2� y2����������
x2
2
�y2

2

p sin��1�’2�
h i

T

(15)

where

’2 � tan�1
z2����������������
x22 � y22

p

Thus, the variation of the normal vector can be approximated in
position feedback form by linearizing n2 around n1, given as

�n� n2 � n1 �
@n

@r

����
r1

��

sin’1 sin �1
r1

0 � cos ’1 sin �1
r1

0 cos �1
�

0

� sin’1 cos �1
r1

0 cos ’1 cos �1
r1

2
64

3
75�

(16)

Similarly, substituting Eq. (16) into Eq. (11), it can be analytically
proven that formations around type 1 are always stable. Again, the
stability of formations around type 2 in theEarth-synchronous family
is numerically determined to be stable in all possible regions. Later
formations are very attractive for mission application because a large
stable region exists and no complicated feedback control is required.

As aforementioned, a stable region exists in all formations around
type 2 in the Earth-synchronous family, but the relative motion
around a given displaced orbit, which is completely determined by
the initial relative states and leader’s orbit, cannot be designed
arbitrarily. The relative orbits around the given Earth-synchronous
displaced orbits for each case with the given initial values are shown
in Fig. 3 in which the motion is shown in the rotating frame for
10 years.

Controlled Formations

As explained in the preceding section, the seminatural controllers
are not able to control formations in certain relative configurations.
To achieve a desired relative configuration, more complex control
laws are needed to be put forward. Such laws are probably not a
desirable option at present because the sail attitude is required to vary
continuously. Here, wewill consider two kinds of control schemes to
obtain the desired formations.

In the first controlled formation, we adjust two attitude angles and
the sail lightness number to control the relative orbit. To determine
the normal vector of sail, 	 and 
 are adopted, where 	 is the angle
between the normal and the xz plane, and 
 is the angle between the
x-axis and the projection of the normal in the xz plane. Then, the
normal vector of the sail can be given by

n � cos 	 cos
 sin 	 cos 	 sin

� �

T (17)

The control variables are defined by u� � �
 �	 �� �T ,
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Fig. 2 Stable region of the Earth-synchronous family of orbits.
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� 
2 � 
1, �	� 	2 � 	1 � 	2, and ��� �2 � �1. To maintain
the follower sail in the vicinity of the displaced solar orbit, �
 and �	
should be small. Therefore, n2 can be expanded around �
1; 	1� and
first-order approximation can be obtained as
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(18)

The controlled relative equation ofmotion is obtained by substituting
Eq. (18) into Eq. (11), yielding

d2�

dt2
� 2J

d�

dt
�M�� Bu (19)

The coefficient matrix is given by

B� �N @n
@�
;	� j�
1;	1� P �

The first-order system is given by

_X r � AXr �
0
B

� �
u (20)

where Xr � � �T _�
T �T . It can be proven that the system is

controllable. The linear solution is obtained from the linearized
dynamics of the nonlinear relative system in the neighborhood of the
displaced solar orbit. Consider the general quadratic cost function for
a linear quadratic regulator (LQR)

J� 1

2

Z 1
0

��Xr � Xref�TQ�Xr � Xref� � uTRu� dt (21)

where the matrices Q and R represent the weight of the state errors
and the control input, respectively, both of which are symmetric
positive definite. Therefore, what is required is to find a linear state
feedback by solving a Riccati matrix algebraic equation to get

u��K�Xr � Xref� (22)

where Xref is the reference relative orbit.
The second controlled formation uses the same control variables

as the first controller. Input feedback linearization (IFL) is employed
to control the formation. In our case, it is a partial nonlinear strategy

instead of a complete one, because the control force is linearized. The
equation of motion can be written as

d2�

dt2
� 2! 	 d�

dt
�! 	 �! 	 �� � f�r1� � f�r2� �

@g

@r

����
r�r1n�n1
���1

�� fu

(23)

Equation (23) can be rewritten as

d2�

dt2
� h��; _�� � fu (24)

where

h��; _�� � �
�
2! 	 d�

dt
�! 	 �! 	 �� � f�r1� � f�r2�

� @g
@r

����
r�r1n�n1
���1

�

�

and fu is the control input. In input feedback linearization, the
control fu is selected such that

f u ��h��; _�� � v��; _�; ��� (25)

The control acceleration ���; _�; ��� in Eq. (25) is designed to be
representative of the desired nominal motion �ref . For a critically
damped response

�� ��ref � 2�� _� � _�ref� � �2�� � �ref� (26)

Therefore, the control vector is given by

u� B�1fu (27)

Numerical Simulation

In the following example, the integrations are based on the
complete nonlinear equation of relative motion (7). The leader is on
an Earth-synchronous displaced solar orbit of �� 0:98 AU and
z0 � 4 	 105 km. The reference relative orbit of the follower sail is a
10 km-radius circular orbit in the �& plane, and centered at the leader.
The period of the relativemotion, which can be selected at will, is 1%
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Fig. 4 Controlled formations.
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of Earth’s orbital period in the simulation. The follower is assumed to
be on the reference orbit at the initial time. We set Q� I6	6 and
R� 1 	 106I3	3 for LQR, the simulation results are shown in Fig. 4,
where Fig. 4a illustrates the relative orbit and Figs. 4b–4d show the
control input. According to the time history of the control variables,
the formation requires a maximum control angle variation of less
than 1 deg and a sail lightness number variation of less than 0.001, so
that the validity of the linearization can be guaranteed. The results in
thefigures reflect that the two controllers obtain similar results except
for the initial time.

Conclusions

This note outlines solar sail relative motion around displaced
orbits, with the relative equations of motion linearized in the vicinity
of a displaced solar orbit. Based on those equations, three
seminatural formations are studied in some detail. One formation
among them is very attractive for practical applications because of its
simplicity and large stable regions. However, the formation
configurations of the seminatural formations depend too strongly on
the leader’s orbit. To improve the adaptability of the formation to
special missions, two controlled formations are proposed to achieve
certain relative configurations as designed. All the formations are
validated by simulations, which are based on the full nonlinear
equations of the system.
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